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Two proofs are presented which show that quantum me- 
chanics is incompatible with the following assumption: all 
possible correlations between subsystems of an individual iso- 
lated composite quantum system are contained in the initial 
quantum state of the whole system, although just a subset of 
them is revealed by the actual experiment. 

PACS number(s): 03.65. Bz 



I. INTRODUCTION 

Since the seminal work of Einstein, Podolsky, and 
Rosen 0, the entanglement between quantum variables 
pertaining two different parts of a composite system has 
been considered the characteristic trait of quantum me- 
chanics 0. Recently discovered phenomena involving 
composite systems of more than two parts, such as quan- 
tum dense coding [SQ, teleportation of q uantum states 
and entanglement swapping |^,|8|-|l0|| , have in com- 
mon that they exploit the fact that in a multiparticle 
system, entanglement between two parts can be consid- 
ered itself an entangled property JO]. The implications 
of these phenomena to several proposed interpretations 
of quantum mechanics are currently subject of investi- 
gation |l2[ . In this context, I have argued recently that 
a certain interpretation of quantum mechanics based on 
the assumption that correlations between subsystems of 
an individual isolated composite quantum system are real 
objective local properties of that system 13-15 is incon- 
sistent My argument was based on an example: con- 
sider two pairs of spin-i particles prepared so that both 
pairs are in the singlet state (the first pair is composed 
by particles 1 and 2, and the second by particles 3 and 
4). By performing one among two alternative measure- 
ments on particles 2 and 3, one can choose between two 
types of correlations for particles 1 and 4 (spacelike sep- 
arated from the measurement on particles 2 and 3): they 
can be in a pure factorizable state or, alternatively, in 
a pure maximally entangled state fl6|| . This then would 
allow one to choose nonlocally the type of correlations 
between two distant parts. In my opinion, this is incon- 
sistent with the assumption that such correlations were 
local objective properties. However, in flffl I wrote 'I do 



not mean that the internal correlations between particles 
1 and 4 "change" after a spacelike separated experiment 
(this does not happen in the sense that no new inter- 
nal correlations are "created" that were not "present" in 
the reduced density matrix for the system 1 and 4 before 
any interaction), but that the type of internal correla- 
tions (and therefore, . . . the reality) of an individual iso- 
lated system can be chosen at distance.' So, implicitly, I 
admitted that all such possible correlations between two 
parts were present somehow in the initial quantum state 
of the whole system, although just a subset of them is re- 
vealed by the actual experiment. The aim of this note is 
to show that even such an innocuous-looking assumption 
is incompatible with quantum mechanics. For that pur- 
pose I will present two proofs in which such an assump- 
tion leads to a contradiction. The first is a Greenberger- 
Horne-Zeilinger-like proof |l^-|l9|] involving three pairs of 
spin-i particles. This proof does not require inequalities 
nor probabilities, indeed it also admits a reading as a mul- 
tiplicative proof of the Kochen-Specker theorem [^0 21 
in a Hilbert space of dimension sixty four. The second 
proof is even simpler. It is a Hardy-like proof without in- 
equalities (but with probabilities) p2| involving two pairs 
of spin-i particles. 



II. GHZ-LIKE PROOF OF IMPOSSIBILITY OF 
PREEXISTENT CORRELATIONS 

For the first proof consider three pairs of spin-i parti- 
cles labeled from 1 to 6. The Hilbert space in which we 
describe the spin state of this system has dimension sixty 
four. I will call it He4- Let Aij be the non-degenerate 
operator acting on the four-dimensional subspace of par- 
ticles i and j , defined as 



- 2d; 



(1) 



where is the projection operator onto the state 

a H ) i - = )p etc. Let be the non-degenerate 

Bell operator 123] defined as 



(2) 
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where is the projection operator onto the state \<j) + ) i ■ , 
etc., being 

= (3) 

= * (l+>,® I-),- ± I-)*® \+h) > (4) 
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the four Bell states |2j| , which form an orthogonal basis 
for the corresponding four-dimensional subspace. 

Consider now the four operators acting on Hq4 defined 

as 



^12^34^56 = A 12 <E> A 34 
Al2-B34^56 = Al2 ® i?34 

Bi2A 3i A 5e = B12 <g> A34 



-B56, 
A 56 , 
A 56 , 



B12B34B56 — Byi ® B34 (g) B\ 
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(5) 
(6) 
(7) 
(8) 



As it can be easily checked, any of these four operators 
has eigenvalues ±2 fc , with k = 0, 1, 2, 3. In addition, the 
four operators are mutually commutative so they possess 
a set of common eigenvectors. Let one of these common 
eigenvectors be the initial state of the six-particle sys- 
tem; for instance, the state defined by the following 
eigenvalue equations: 



A 12 A 34 B 5e \fi) = \fi) , 
A 12 B 34 A 56 = , 

B 12 A 34 A 56 = \fl) , 

B 12 B 3i B b& \n) = - \fx) . 



(9) 
(10) 

(11) 
(12) 



Note that the four respective eigenvalues (1,1,1, and —1, 
in this case) are not independent since they must obey the 
same functional relations satisfied by the four operators. 
In particular, since the product of the four operators is 
a negative operator (i.e., all its eigenvalues are negative 
numbers) with eigenvalues — 16 m , with m = 0,1,2,3, 
then the product of their four eigenvalues must be nega- 
tive. 

Now let us assume, as it is in that all the 

correlations between subsystems of the composed system 
are real objective internal local properties of such sub- 
systems. In particular, consider three subsystems: the 
first is composed by particles 1 and 2, the second by par- 
ticles 3 and 4, and the third by particles 5 and 6. We 
will assume that all possible correlations between parti- 
cles 1 and 2 (for instance) are encoded in the initial state 
for the whole system, and they do not depend on any 
interaction experienced by the other subsystems, so they 
cannot change (in particular, they cannot be created) as 
a result of any experiment performed on particles 3 to 6 
(supposed to be spacelike separated from particles 1 and 
2). 

Now consider three observers, each having access to 
one pair of particles. On each pair, they may measure ei- 
ther Aij or Bij, without disturbing the other pairs. The 
results of these measurements will be called dy or bij, 
respectively. Since these results must satisfy the same 
functional relations satisfied by the corresponding opera- 
tor, then, from (|^), we can predict that, if A12, A 3 4, and, 
-B56 are measured, the results satisfy 



0120346, 



56 
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Analogously, from Eqs. 
possible measurements satisfy 



(13) 

the results of other 



012034056 = 1- 
612034056 = 1, 
612634656 = -1. 



(14) 
(15) 
(16) 



We can associate each one of the eigenvalues and 6y 
with a type of correlation between particles i and j ini- 
tially hidden in the original state of the system, but "re- 
vealed" by performing measurements on the two other 
distant pairs. For example, if -B12 and -B34 are measured 
and their results are both 1, then one can predict with 
certainty that particles 5 and 6 are in the singlet state, 
and since arriving to this conclusion does not require any 
real interaction on particles 5 and 6, then we assume that 
the spins of particles 5 and 6 were initially correlated in 
the singlet state (i. e., the same spin component of par- 
ticles 5 and 6 would have opposite signs), so we assign 
the value —1 for the observable B§q to the initial state 
Alternatively, since a different measurement on par- 
ticles 1 to 4 (for instance, by measuring A12 instead of 
B12) allows one to predict with certainty, without inter- 
acting with particles 5 and 6, how the z spin components 
of particles 5 and 6 are correlated, and since this infor- 
mation do not require any real interaction on particles 5 
and 6, then we suppose that it was encoded somehow in 
the initial state of the whole system (so we assign to the 
initial state one of the eigenvalues of ^56). Such predic- 
tions with certainty and without interaction would lead 
us to assign values to the six types of correlations given 
by A12, B12, A 3i , B 3i , A 56 , and B 56 . However, such an 
assignment cannot be consistent with the rules of quan- 
tum mechanics because the four equations (|l3|)-(|l6|) can- 
not be satisfied simultaneously, since the product of their 
left-hand sides is a positive number (because each value 
appears twice) , while the product of the right-hand sides 
is —1. Therefore, the whole information on the correla- 
tions between the particles of the three pairs cannot be 
encoded in the initial state as we assumed. 



III. PROOF OF THE KOCHEN-SPECKER 
THEOREM IN H&a 

A similar argument could be developed starting from 
any common eigenvector of the four operators (||)-(||). In 
fact, including these four operators, the argument can be 
rearranged as a state-independent proof of the Kochcn- 
Specker theorem |2(J (like the one proposed in [|lj) in a 
sixty four dimensional Hilbert space. This proof is sum- 
marized in Fig. 1. 

Fig. 1 contains ten operators: the four operators (||)- 
(||) acting on the whole system, and six operators acting 
only on pairs of particles (two operators for each pair). 
The four operators on each of the five lines are mutually 
commutative. As told before, the product of the four op- 
erators on the horizontal line is a negative operator, and 
as can be easily verified, the product of the four operators 
on each of the other lines is one (and the same) positive 
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operator (with eigenvalues 4™, with n — 0,1,2,3). It is 
easily checked that it is impossible to ascribe one of their 
eigenvalues to the ten operators, satisfying all the same 
functional relations that are satisfied by the correspond- 
ing operators. 



IV. HARDY-LIKE PROOF OF IMPOSSIBILITY 
OF PREEXISTENT CORRELATIONS 

The second argument against the possibility of prede- 
fined correlations is simpler. It requires just two pairs of 
Consider the following initial state: 



spin-i particles 



!- + +->- 3 1- + -+)), 



(17) 



where |H h- ) = |+) a <8> |-) 2 ® |+} 3 ® |-} 4 , etc. As it 

can be easily checked, this state has the following four 
properties: 



P V (^12 «34~) 


= 1, 


(18) 




= 1, 


(19) 


Pr, (air, "34") 


1 

12 ) 


(20) 




= 0. 


(21) 



Property (|T^) tells us that on every copy of the system 
initially prepared in the state ( p"7j ) in which the result of 
measuring A34 is a^" 4 _ , one can predict (with certainty 
and without interacting with them) that particles 1 and 
2 are in the singlet state. Therefore, we conclude that 
in that subensemble of copies, particles 1 and 2 were ini- 
tially in the singlet state. Analogously, property Jl9| ) 
tells us that on every copy of the system initially pre- 
pared in the state (O) in which the result of measuring 
A12 is af 2 ~ , one can predict (with certainty and with- 
out interacting with them) that particles 3 and 4 are in 
the singlet state. Therefore, we conclude that in that 
subensemble, particles 3 and 4 were initially in the sin- 
glet state. Property (|o|) reveals that the intersection 
between the two subensembles defined before is not zero, 
since there is a non-zero probability to obtain simulta- 
neously the two conditions defining such subensembles. 
Assuming that the predicted correlations were encoded 
in the initial state of the system, the previous properties 
would lead us to conclude that the probability of finding 
both pairs of particles in the singlet state is greater or 
equal than the probability of finding simultaneously the 
corresponding conditions, given in (|20|). However, prop- 
erty (|l]) shows that this is no so. In fact, the probability 
of finding two singlets is zero. Therefore, the assumption 
that these correlations were contained in the initial state 
is untenable. 



V. CONCLUSIONS 

"No-go" proofs show that in QM local observables can- 
not have predefined values (TJ [Tj||2l],|2| . In this paper I 
have shown how, by duplicating the number of involved 
particles, these proofs can be rearranged so as to exclude 
the possibility of predefined local correlations between 
two particles of a composite system. This impossibility 
would be taken into account in any attempt to describe 
phenomena such as quantum dense coding, teleportation 
of quantum states or entanglement swapping in a con- 
sistent interpretation of QM. In particular, this impossi- 
bility of preexistent correlations constraints any further 
development of the tentative interpretation proposed in 

ml. 
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FIG. 1: Each dot represents an observable. The ten observ- 
ables provide a proof of the Kochen-Specker theorem in a 
Hilbert space of dimension sixty four. The four observables 
on each line are mutually compatible and the product of their 
results must be positive, except for the horizontal line, where 
the product must be negative. 
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